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a b s t r a c t

The present study analyzes mixed convection of laminar pulsatile flow and heat transfer past a back-
ward-facing step in a channel. Discretization of the governing equations was achieved through a finite
element scheme based on the Galerkin method of weighted residuals. Temporal variations of streamlines,
isotherms, and dimensionless skin friction coefficient and Nusselt number were presented for various rel-
evant dimensionless groups. Fluid flow and heat transfer characteristics were examined in the domain of
the Reynolds number, Richardson number and the dimensionless oscillation frequency such that:
100 6 Re 6 1000, 1.78 � 10�3

6 Ri 6 10, and 0.1 6- 6 5. The working fluid is assigned a Prandtl number
of 0.71 throughout this investigation. Our results illustrates that Reynolds number, Richardson number,
and dimensionless oscillation frequency have a profound effect on the structure of fluid flow, heat trans-
fer fields, and skin friction coefficient.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The separation of the flow and its subsequent reattachment to a
solid surface has received considerable attention in the literature.
This interest stems from its importance in many engineering appli-
cations such as internal flow systems (e.g. diffusers, combustors)
and flows around airfoils and buildings [1–3]. Of internal separated
flows, the backward-facing step flow is the most frequently se-
lected test case for numerical methods due to its geometrical sim-
plicity [4–8]. Armaly et al. [4] conducted a comprehensive
experimental and numerical study of backward-facing step flow
for a laminar, transitional and turbulent flow of air in a Reynolds
number range of 70 < Re < 8000. Lin et al. [5] analyzed numerically
mixed convective heat transfer results for laminar, buoyancy-
assisting, two-dimensional flow in a vertical duct with a back-
ward-facing step for a wide range of inlet flow and wall tempera-
ture conditions. The authors presented in their work the velocity
and temperature distributions along with Nusselt numbers and
wall skin friction coefficient for wide ranges of flow and tempera-
ture parameters. Mixed convection heat transfer in channels with
a heated curved surface bounded by a vertical adiabatic wall was
studied numerically by Moukalled et al. [9] for various curvature ra-
tios. Two cases were considered in their work: in the first case, the
flow experienced a convex curvature and an increasing cross-sec-
ll rights reserved.

: +40 264 591 906.
tional flow area (adverse pressure gradient), while in the second
case, the flow experienced a concave curvature with a decreasing
flow cross-section (favorable pressure gradient). The authors illus-
trated that for channels with concave walls, where the decrease in
cross-sectional area and buoyancy both accelerate the flow, separa-
tion was not observed, and considerably greater heat transfer rates
were obtained. The overall heat transfer on the concave surface was
always greater than a straight channel of equal height. Abu-Mula-
weh et al. [10] reported measurements of buoyancy-assisting, lam-
inar mixed convection flow of air along a two-dimensional, vertical
backward-facing step. Thereafter, Abu-Mulaweh et al. [11] investi-
gated experimentally laminar mixed convection behind a two-
dimensional backward-facing step for the buoyancy-opposing case.

Several numerical simulations of turbulent flow over a back-
ward-facing step were also conducted [1,4,12–18]. Abu-Mulaweh
et al. [14] reported measurements of turbulent mixed convection
flow over a two-dimensional, vertical backward-facing step using
laser-Doppler velocimeter (LDV) and cold wire anemometer,
respectively. The effect of the backward-facing step heights on tur-
bulent mixed convection flow along a vertical flat plate was exam-
ined by the same authors [15]. It was found that both the
reattachment length and the heat transfer rate from the down-
stream heated wall increased with increasing step height. Several
studies were also conducted to analyze the effect of oscillatory
flow on the velocity profile and heat transfer characteristics either
in a pipe [19–25] or in a channel [26]. However, pulsatile flow and
heat transfer characteristics in a channel with a backward-facing
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Nomenclature

Cf dimensionless skin friction coefficient
Cf average skin friction coefficient
g acceleration due to gravity
Gr Grashof number, gbDT H3/m2

h height of the upstream of the channel
H height of the step
k thermal conductivity
Nu local Nusselt number
Nu average Nusselt number
p pressure
P dimensionless pressure, p=ðqU2

oÞ
Pr Prandtl number, m/a
Re Reynolds number, UoH/m
Ri Richardson number, Gr/Re2

t time
T temperature
TC temperature of the cold surface

TH temperature of the hot surface
v dimensional velocity vector
Uo average velocity upstream of the channel
V dimensionless velocity vector, v/Uo

x x-coordinate
X, Y dimensionless coordinate, (x, y)/H
y y-coordinate

Greek symbols
a thermal diffusivity
b coefficient of thermal expansion
m kinematic viscosity
- non-dimensional frequency, xH/Uo

h dimensionless temperature, (T � TC)/(TH � TC)
q density
s dimensionless time, tUo/H
sw shear stress
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Fig. 1. Schematic diagram of the physical problem.
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step has received less attention in the literature. Valencia and
Hinojosa [27] analyzed numerically incompressible flow of air
and heat transfer in a channel with a backward-facing step assum-
ing pulsatile inlet velocity condition and neglecting the effect of
the buoyancy force. Their results showed that the wall shear rate
in the separation zone varied significantly with pulsatile flow
while the heat transfer rate remained relatively constant.

The work by Valencia and Hinojosa [27] did not consider the
physics of flow and heat transfer characteristics in depth. There-
fore, the objective of the present work was focused on a thorough
analysis of the fluid flow and heat transfer in a channel with a
backward-facing step under pulsatile flow conditions. In addition,
the undergoing investigation examined the effects of pertinent
dimensionless parameters on the flow and heat transfer character-
istics in the annulus. These parameters are the Richardson number,
the amplitude of the velocity, expansion ratio, and Prandtl number.
Finally, the implications of the above dimensionless parameters
were also depicted on the dimensionless local heat flux and the
global Nusselt number predictions.

2. Mathematical formulation

The treated problem is a two-dimensional, transient, laminar
convective flow in a channel with a backward-facing step. The
physical system considered in the present study is displayed in
Fig. 1. The quantities h and H, respectively denote the height of
the upstream channel and the step height and have been selected
(h/H = 0.5) to allow direct validation of the numerical results. The
adopted downstream channel length of 30H was verified to be suf-
ficient so that the recirculation zone length downstream of the step
was independent of the length of the computational domain for all
steady and pulsatile flow simulations. The straight wall of the
channel is maintained at a uniform temperature that is equal to
the inlet air temperature TC while the stepped wall downstream
of the step is heated to a uniform temperature TH. Under all cir-
cumstances TH > TC condition is maintained. The upstream portion
of the stepped wall and the backward-facing step are treated in
this study as adiabatic walls. Furthermore, viscous heat dissipation
in the fluid is assumed to be negligible in comparison to conduc-
tion and convection heat transfer effects. Also, it is assumed in
the undergoing analyses that the thermophysical properties of
the fluid are independent of temperature except for the density
in the buoyancy term, which is treated according to the Boussinesq
approximation.
By incorporating the above points, the system of the governing
equations can be expressed in vectorial form as

Continuity equation : r � V ¼ 0 ð1Þ

Momentum equation :
oV
os
þ V � rV ¼ �rP þ 1

Re
r2V þ Gr

Re2 h ð2Þ

Energy equation :
oh
os
þ V � rh ¼ 1

PrRe
r2h ð3Þ

The above equations were normalized using the following
dimensionless parameters:

V ¼ v
Uo

; P ¼ P

qU2
o

; s ¼ tUo

H
; h ¼ T � TC

TH � TC
; ðX;YÞ ¼ ðx; yÞ

H
ð4Þ

where P is dimensionless pressure, q is the fluid density, V is the
dimensionless velocity vector, Uo is the average velocity upstream
of the channel, Re = UoH/m is Reynolds number. In addition, the rel-
evant Grashof number and Prandtl number are given by Gr = gbDT
H3/m2 and Pr = m/a, respectively.

The boundary conditions for the problem under consideration
are expressed as:

1. At the channel inlet, the flow is taken to be unidirectional, pul-
sating, and at a uniform temperature:

U ¼ Uoð1þ sin -sÞ;V ¼ h ¼ 0 ð5Þ

where - is the non-dimensional frequency - ¼ xH
Uo

� �
.

2. At the exit plane, the gradient of all variables in x-direction
were set to zero.



Table 1
Reattachment lengths for recirculation region in a vertical channel with a backward-
facing step (Re = 100)

Gr = 0 Error (%)a Gr = 1000 Error (%)a

Present 4.99 0 3.05 0
El-Refaee et al. [32] 4.77 4.41 2.99 1.97
Seo and Parameswaran [33] 4.97 0.40 2.95 3.28
Lin et al. [34] 4.91 1.60 3.10 1.64
Chopin [35] 4.61 7.62 2.99 1.97
Hong et al. [36] 4.94 1.00 2.98 2.29
Acharya et al. [37] 4.97 0.40 2.97 2.62
Dyne et al. [38] 4.89 2.01 2.97 2.62
Choudhury and Woolfe [39] 4.99 0 3.21 5.25

a Error relative to the present value.
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Fig. 2. Comparison of the temperature and velocity profiles between the present
study and that of Sanchez and Vradis [30] in a vertical backward facing step
(Re = 100,Ri = 0.1).

K. Khanafer et al. / International Journal of Heat and Mass Transfer 51 (2008) 5785–5793 5787
3. The walls are treated as no-slip with a constant temperature.
The straight wall was maintained at a constant temperature
equal to the uniform inlet temperature, TC, while the wall
downstream of the step was maintained at a uniform tempera-
ture, TH such that TH > TC. The two walls forming the step were
assumed adiabatic as shown in Fig. 1.

Two important dimensionless parameters were determined in
this study. The wall shear stress and the heat transfer coefficients
were presented in terms of skin friction coefficient and Nusselt
number respectively. The local Nusselt number in the channel
downstream of the step is defined by

Nux ¼
hxH

k
¼ qwH

kðTH � TCÞ
¼ �oh

oY

����
Y¼0

ð6Þ

The dimensionless skin friction coefficient is defined by

Cf Re ¼ sw

1=2qU2
o

Re ¼
lðou=oyÞjy¼0

1=2qU2
o

Re ¼ 2
oU
oY

����
Y¼0

ð7Þ

Therefore, the average skin friction coefficient is defined as

Cf Re ¼ 1
L=H

Z L=H

0
2
oU
oY

����
Y¼0

� �
dX ð8Þ
3. Numerical scheme

A finite element formulation based on the Galerkin method was
utilized to solve the governing equations. The application of this
technique is well documented by Taylor and Hood [28] and Gresho
et al. [29]. In the current investigation, the continuum domain was
divided into a set of non-overlapping regions called elements. Nine
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Fig. 3. Comparison of local Nusselt number and local friction coefficient along the
heated wall of the backward-facing step between present results and finite element
results of Cochran and Horstman [31]. (Ri = 0.1, Re = 100, Pr = 0.71).



Fig. 4. Effect of Richardson number on the streamlines and isotherms (Pr = 0.71).
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node quadrilateral elements with bi-quadratic interpolation func-
tions were utilized to discretize the physical domain. Moreover,
interpolation functions in terms of local normalized element coor-
dinates were implemented to approximate the dependent vari-
ables within each element. Subsequently, substitution of the
approximations into the system of the governing equations and
boundary conditions yielded a residual for each of the conservation
equations. These residuals were then reduced to zero in a weighted
sense over each element volume using Galerkin method.

The highly coupled and non-linear algebraic equations resulting
from the discretization of the governing equations were solved
using an iterative solution scheme called the segregated-solution
algorithm. The advantage of using this method lies in that the glo-
bal system matrix is decomposed into smaller submatrices and
then solved in a sequential manner. This technique results in con-
siderably fewer storage requirements. A pressure projection algo-
rithm was utilized to obtain a solution for the velocity field at
every iteration step. Furthermore, the pressure projection version
of the segregated algorithm was used to solve the non-linear sys-
tem. In addition, the conjugate residual scheme was used to solve
the symmetric pressure-type equation systems, while the conju-
gate gradient squared method was used for the non-symmetric
advection-diffusion-type equations.

Many numerical experiments of various mesh sizes were per-
formed to achieve grid-independent results and to determine the
best compromise between accuracy and minimizing computer
execution time. As such, a variable grid-size system was employed
in this work to capture the rapid changes in the dependent vari-
ables especially near the wall where the major gradients occur in-
side the boundary layer. In order to resolve the large velocity
gradients within the recirculation region downstream of the step,
the mesh was made finer near the step and in the vicinity of the
walls. The solution was advanced in time until periodic conver-
gence solution is achieved.

4. Validation

The present numerical code was first validated against the
benchmarked results of the reattachment lengths for recirculation
region in a vertical channel with a backward-facing step at
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Re = 100 as shown in Table 1. Calculations of forced (Gr = 0) and
mixed (Gr = 1000) convection past an adiabatic backward-facing
step with an isothermal surrounding walls were presented in Table
1. This table shows an excellent agreement between the results. An
additional check of the present numerical approach, Fig. 2 illus-
trates a comparison of the temperature and velocity profiles at dif-
ferent section of the backward-facing step between the present
results and that of Sanchez and Vradis [30]. An excellent agree-
ment was found between both results. Moreover, the results of
the present code was validated against local Nusselt number and
local skin friction coefficient variations calculated along the heated
wall of Cochran and Horstman [31] as depicted in Fig. 3. Fig. 3
shows an excellent agreement between both results.
0

1

2

3

4

5

6

1.0 6.0 11.0 16.0 21.0 26.0 31.0 36.0

X

L
o

ca
l N

u
ss

el
t 

N
u

m
b

er

-10

-5

0

5

10

15

20

25

30

0.0 5.0 10.0 15.0 20.0 25.0 30.0 35.0

X

L
o

ca
l F

ri
ct

io
n

 C
o

ef
fi

ci
en

t

Ri = 1.78×10-3

Ri = 4×10-3

Ri = 1.6×10-2

Ri = 0.1 

Ri = 1 Ri = 5 

Ri = 5 

Ri = 1 

Ri = 0.1 

Ri = 1.6×10-2

Ri = 4×10-3 Ri = 1.78×10-3

Fig. 6. Effect of Richardson number on the local Nusselt number and local friction
coefficient variations along the heated wall (Gr = 1000, Pr = 0.71).

-2

2

6

10

14

-0.5 0.5 1.5 2.5 3.5 4.5

R
ec

ir
cu

la
ti

o
n

 L
en

g
th

0

0.5

1

1.5

2

2.5

A
ve

ra
g

e 
N

u
ss

el
t 

n
u

m
b

er

Average Nusselt number 
Recirculation length 

Ri

Fig. 5. Effect of Richardson number on the recirculation length and the average
Nusselt number along the heated wall for steady flow (Gr = 1000, Pr = 0.71).
5. Results and discussion

As stated earlier, the overall objective of the current investiga-
tion is to explore time dependent laminar mixed convection heat
transfer in a backward-facing step. The implications of varying
Reynolds number, Richardson number and the dimensionless
oscillation frequency will be emphasized. The results are presented
in terms of the temporal variation of the streamline and isotherm
patterns. What is more, the temporal variations of the average
Nusselt number and skin friction coefficient are highlighted. The
Reynolds number is varied between 100 and 1000. In addition,
the domain of Richardson number is 1.78 � 10�3

6 Ri 6 10 and
dimensionless oscillation frequency is varied in the range of
0.1 6- 6 5.

5.1. Steady case

Steady-state results are first illustrated in the present investiga-
tion to show the effect of Richardson number on the streamlines,
isotherms, and local variations of skin friction coefficient and Nus-
selt number as depicted in Figs. 4–6. Fig. 4 demonstrates the stea-
dy-state results of the streamlines and isotherms for the range of
the Richardson number studied. The Richardson number (Ri = Gr/
Re2) gives an indication on the influence of buoyancy force in a
forced convection flow. It can be seen from this figure that large
Richardson numbers (Ri� 1) cause the separation near the step
to disappear due to the acceleration of the flow near the heated
wall. This elimination of the separation region occurs for Ri > 0.1.
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Fig. 8. Effect of Richardson number on the temporal variations of the streamlines (Re = 100, - = 5, Pr = 0.71).

Fig. 9. Effect of Grashof number on the temporal variations of the isotherms (Re = 100, - = 5, Pr = 0.71).
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However, as Reynolds number increases (or decrease Richardson
number), the impact of forced convection is observed and the recir-
culation zone along the heated surface becomes larger as evident
in Fig. 4. As Re is raised to 750, a further increase in the size of
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the recirculation region is exhibited. The stronger separation at the
higher Re is due to the higher adverse pressure gradients associ-
ated with the area expansion in the channel. As such, for low Rich-
ardson number (Ri� 1), the buoyancy effect can be neglected, and
separation occurs near the step end. At higher Re values
Fig. 11. Effect of Reynolds number on the temporal vari
(Re P 500), Fig. 4 illustrates that the separation adjacent to the
cold horizontal surface becomes larger. The corresponding iso-
therm plots for the above cases are presented in Fig. 4. The thermal
boundary layer decreases in thickness as Reynolds number in-
creases (or decrease Richardson number) and consequently in-
creases the heat transfer rate. The impact of Richardson number
on the average Nusselt number and the length of recirculation zone
is depicted in Fig. 5. Both parameters decrease with an increase in
Richardson number.

The effect of Richardson number on the local variations of Nus-
selt number and skin friction coefficient is illustrated in Fig. 6. It is
noticed that peak values of the Nusselt number are found near the
reattachment points. Moreover, as Richardson number decreases
(increases Re), the local variation of Nusselt number increases
within the recirculation region as well as the region right after
the recirculation bubble. Fig. 6 shows that the dimensionless local
variation of skin friction coefficient along the heated wall is higher
for the case of Ri = 5 because of high velocity near the heated wall
due to the buoyant effect. The buoyancy force increases the veloc-
ity gradient near the heated wall and consequently increases the
wall skin friction coefficient. For Ri > 0.1, the friction coefficient re-
mains positive throughout the entire length of the heated wall.
This is due to the absence of the recirculation bubble along the
heated wall.
5.2. Transient case

The aim of this section is to provide an insight into the effects of
various pertinent parameters on the temporal variations of flow
structures, isotherms, average Nusselt number, and average wall
friction coefficient. The effect of the dimensionless oscillation fre-
quency (-) on the temporal variations of the average Nusselt num-
ber and average friction coefficient are presented in Fig. 7 for
Re = 100 and Ri = 0.1. This figure illustrates how quickly the steady
periodic solution is reached for various -. The steady periodic
solution reaches quicker for large - as depicted in Fig. 7. However,
for a small frequency (- = 0.1), small number of periods (or large
time) is required to reach a steady-periodic solution as demon-
strated in Fig. 7. It is interesting to note that when the normalized
ations of the streamlines (Gr = 104, - = 5, Pr = 0.71).



Fig. 12. Effect of Reynolds number on the temporal variations of the isotherms (Gr = 104, - = 5, Pr = 0.71).
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frequency is relatively small, as seen in Fig. 7, the augmentation of
convective heat transfer is apparent at this condition. This is clearly
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reflected on the magnitude of the calculated Nusselt numbers.
Fig. 7 also demonstrates the temporal variation of the average fric-
tion coefficient at three different dimensionless frequencies. The
results show that an elevation in the frequency value brings about
an increase in the magnitude of the friction coefficient. Further-
more, it is noticed that the friction coefficient follows a sinusoidal
oscillation pattern.

The sensitivity of the streamline and isotherm patterns due to
the variation in Richardson number is presented in Figs. 8 and 9
for Re = 100 and - = 5. The results in Figs. 8 and 9 are presented
when the solution reached the steady-periodic flow condition. As
Richardson number increases, the intensity of convection intensi-
fies within the cavity due to the increase in buoyancy effect. This
is evident from the substantial decrease in the boundary layer
thickness along the heated wall. At the beginning of the cycle,
Fig. 8 shows a vortex at he upper corner of step plane. The size
of this vortex is smaller for high Richardson number (Ri = 10). As
the flow accelerates through the channel, this vortex disappears
as depicted in Fig. 8. At peak flow condition, the flow is essentially
a potential flow for Ri = 1. However, for high Richardson number
(Ri = 10), a central vortex occupies most of the channel. During
the positive deceleration phase of the cycle, a large vortex exists
at the upper corner of the step and its size grows and become
clearly visible at the maximum negative oscillating speed
(s = 0.3p). At this condition, the channel is completely filled by a
central vortex except at the corner of the step. The computed iso-
therms in Fig. 9 are qualitatively similar, but the thermal boundary
layer for the case with high Richardson number (Ri = 10) is thinner
than those with lower Richardson number (Ri = 1). The effect of
Richardson number on the temporal variations of the average Nus-
selt number and average friction coefficient for Re = 100 and - = 5
is demonstrated in Fig. 10. As Richardson number increases, the
convection activities within the channel intensify and, as a result,
the average Nusselt number increases along the heated wall.
Fig. 10 shows that Richardson number has a significant effect on
the average friction coefficient along the heated wall for Re = 100
and - = 5. This figure illustrates that the average friction coeffi-
cient is substantially higher for Ri = 10 than for Ri = 1 because of
high velocity gradient near the heated wall.
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Next, Figs. 11–13 illustrate the impact of Re on the temporal
variation of the streamlines, isotherms, average Nusselt number,
and average friction coefficient for Ri = 1 and - = 5. Fig. 11 shows
a considerable variation in the flow pattern through the pulsatile
cycle. At the onset of the cycle, a small vortex is presented at the
upper corner of the backward-facing step wall at Re = 100 while
a large recirculation zone is exhibited at a larger Reynolds number
(Re = 500) as shown in Fig. 11. As the flow accelerates, Fig. 11
shows that the vortices disappear for both Reynolds number at
peak flow condition. During the deceleration phase, the expansion
of the vortices in the channel is observed. Fig. 12 illustrates that as
Reynolds number increases, the thermal boundary layer along the
heated wall decreases and consequently increases the heat transfer
characteristics. The effect of the Reynolds number on the temporal
variations of the average Nusselt number and average wall friction
coefficient is displayed in Fig. 13 for Ri = 1 and - = 5. The results
indicate that as Reynolds number increases, the temporal variation
of the average Nusselt number prediction along the heated wall in-
creases. The effect of the Reynolds number on the temporal varia-
tion of the average wall friction coefficient is also shown in Fig. 13.
It is observed that the average wall skin friction coefficient de-
creases with an increase in Reynolds number because the buoy-
ancy force decreases with an increase in Reynolds number. As
such, the velocity gradients near the heated wall decrease.
6. Conclusions

Mixed convection of pulsating flow and heat transfer character-
istics over a backward-facing step under laminar regime was
numerically investigated. The investigation was carried out for a
number of pertinent dimensionless groups, namely the Reynolds
number, Richardson number, and the dimensionless oscillation fre-
quency. The presented results captured the steady-periodic solu-
tions. Such results show that the Reynolds number and
Richardson number have a profound effect on the structure of fluid
flow and heat transfer fields. The results indicate that the average
Nusselt number increases with an increase in both Reynolds and
Grashof numbers while decreases with an increase in the oscilla-
tion frequency. Moreover, the results illustrated that the average
wall friction coefficient increases with an increase in both Richard-
son number and oscillation frequency whereas decreases with in
increase in Reynolds number. Finally, the present numerical results
can serve as useful source materials against which the outcome of
future analytical and experimental investigations can be checked.
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